JOURNAL OF COMMUNICATIONS AND INFORMATION SYSTEMS, VOL. 30, NO. 1, MARCH 2015. 109

Theoretical Outage Analysis of Nonlinear OFDM
Systems with AF Relays

C. Alexandre R. Fernandes and Eder J. P. Farias

Abstract—In this work, a performance analysis of the outage
probability of a cooperative diversity OFDM system is presented,
considering the distortions introduced by nonlinear power am-
plifiers (PAs) at the source and relay nodes. A closed form
expression for the instantaneous SNR is developed and analytical
expressions for the outage probability are derived, considering an
amplify-and-forward (AF) relay and Rayleigh fading. Both the
maximum ratio combing (MRC) and selection combining (SC)
methods are considered. The derived expressions show how some
PA parameters affect the outage probability and diversity order.
Computer simulation results illustrate and confirm the proposed
theoretical expressions under different scenarios.

Index Terms—OFDM, cooperative communication, power am-
plifiers, nonlinear distortion, outage probability.

I. INTRODUCTION

Cooperative diversity has become a promising technology
for the future wireless communication networks due to in-
creased capacity, spatial diversity gains and enhanced cover-
age, without the need of multiple antennas [1]. On the other
hand, orthogonal frequency division multiplexing (OFDM) is a
well-known solution to wireless communications that has been
adopted by several standards, such as IEEE 802.11a, IEEE
802.16, DVB and 3GPP Long Term Evolution (LTE) [2]. One
of the main drawbacks of OFDM is the high peak-to-average
power ratio (PAPR) of the transmitted signals [3], which may
introduce nonlinear distortions in the received signals, due to
the presence of nonlinear power amplifiers (PAs).

In this work, a theoretical performance analysis of the
outage probability of a cooperative diversity OFDM system
is presented, taking the nonlinear distortions introduced by
nonlinear PAs into account. Specifically, an exact closed form
expression for the instantaneous SNR is developed and ap-
proximated closed-form expressions for the outage probability
are derived, considering an amplify-and-forward (AF) relay. In
our analysis, we assume frequency-selective Rayleigh fading,
with both the source and relay nodes having a nonlinear PA.
Moreover, both maximum ratio combing (MRC) and selection
combining (SC) methods are used to combine the signals
received from the direct link with those received from the
relay link.
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It is shown that the outage probability strongly depends on
the signal-to-noise ratio (SNR) threshold and on the SNR asso-
ciated with the nonlinear PAs. In fact, several expressions for
the outage probability can be derived, depending on the value
of these parameters, showing how the PA nonlinearities affect
the outage probability and the diversity order of the system,
for both the MRC and SC methods. Computer simulations
confirm the validity of the proposed theoretical expressions.

Some previous works have presented performance studies
of cooperative communication systems with nonlinear dis-
tortions. In [4], [5], symbol error analysis is performed for
AF cooperative systems, assuming that both the base station
and the relay have nonlinear PAs. However, in those papers,
it is assumed that the source-relay channel is time-invariant
and that there is no direct path between the source and the
destination. In addition, no outage analysis is carried out. In
[6], [7], outage and symbol error analysis of an AF cooperative
nonlinear OFDM system is developed. However, they assume
that the PA of the source is linear. An outage analysis of an
AF cooperative clipped OFDM transmission is presented in
[8]. However, it is assumed that the PA of the relay is linear
and that there is no direct path between the source and the
destination.

The rest of the paper is organized as follows. In Section
II, the system model is described. In Section III, the exact
instantaneous SNR of the considered system is presented. The
outage analysis of the MRC and SC receivers are derived in
Sections V and IV, respectively. In Section VII, computer
simulations that validate the proposed outage analysis are
presented. Conclusions and perspectives are drawn in Section
VIIIL.

II. SYSTEM MODEL

Let us consider a dual-hop OFDM cooperative communica-
tion system composed of three half-duplex nodes: one source
(S), one relay (R) and one destination (D). TDMA is used to
provide orthogonal access for the three nodes. In the first time
slot, node S transmits the information to nodes R and D, and,
in the second time slot, the node R retransmits the information
to node D using the AF protocol. It is assumed that all the
nodes have a single antenna and that they are synchronized at
symbol level. Moreover, all the wireless links have frequency
selective Rayleigh fading and the nodes S and R are equipped
with a PA modeled by the nonlinear memoryless functions
F5(-) and fR(-), respectively.

As a transmitted OFDM signal in the time domain can be
modeled as a complex Gaussian random process, using the
extension of the Bussgang’s theorem, the signal transmitted
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by the source at the nth subcarrier in the frequency-domain
can be written as [3]

ul® = aPs, +d (1)

where () is a scalar gain, dsl) is a nonlinear distortion
(NLD) and s,, is the transmitted signal, which is assumed to
be independent and identically distributed (i.i.d.). The signal
dSF) is a white complex Gaussian process uncorrelated with
sy, [3], with variance denoted by O'Z(S). For some functions
f5(-), there are analytical expressions for the gain o) and
for the NLD variance 07, [3].

7L7

In the frequency-domain, the signals received by the nodes
D and R at the nth subcarrier are respectively given by

WD) = REPUE) 1 gfSP)
RSP & s, + P14 5P (2)
and
A5 = WP, £ KT 14D, )

where hSLS D) and hSLS R) are respectively the channel frequency
responses of the SD and SR links at the nth subcarrier,
and n( D) and n(s ) are the corresponding additive white
Gaussian noise (AWGN) components. All the AWGN terms
are assumed to have the same variance, denoted by 0727.

At node R, the signal m%SR) is multiplied by a variable gain
given by
VP
In - ; (4

SR SR
\/|h( 121a®) | Py + |0 202 )+ 02

where F {-} is the expectation operator, P; and P, are the
transmission powers of the source and relay, resT:ctively. Note

SR SR
that [|h§L 12| Py + |h5P 202 ) + 02
()

to the instantaneous power of the signal z;,

corresponds

Similarly, at the second time slot, the signal transmitted by
the relay and the signal received by the destination at the nth
subcarrier can be written respectively as

ull) = Mg, (57 4 alf) ©)
and
2(SRD) R(RD) () | (RD)

hisD)hSISR) )R g5, + BED) JUD 4y (RD)
FRSPRERD) G (R) g q(S) | [ (RD) o (R) g (SB) ()

where o®) is a constant gain, dn is the NLD introduced

by the relay, uncorrelated with g,z (SD) h%RD) is the channel

response of the RD link at the nth subcarrier and m(LRD) is the
corresponding AWGN component.

Equations (2) and (6) can then be expressed respectively as
m%SRD) = hlnsn + Vi @)
and

SD
ZSL ) = hQnSn + Vo,

®)

110

with
hi = BKEDRER oo (B, ©)
han = hEPal®), (10)
vin = IR 0l g,d ) 4 B ol g5
+h{EPV A P (1
= hSDIGS) 4 5(SD), (12)

IIT. INSTANTANEOUS SNR WiTH MRC

In this section, an expression for the exact instantaneous
SNR of the system considered in Section II is presented,
for a MRC receiver. Note that, due to the presence of the
NLD term dEF% the noise components r1,, and vs,,, defined
in Section II, are correlated, which means that a pre-whitening
step is required before the application of the MlRC combiner
[9]. The pre-whitening matrix is given by A, 2E,", where
A, € C?*2 and E, € C?*? contain respectively the eigen-
values and eigenvectors of the covariance matrix R, € C?*2
of the vector v,, = [v1,, vy,]|T € C2

The instantaneous SNR is then given by

Tn = PshIr;IR;lhnv
hQn]T

13)

where hy, = [hq,, € C2. By using (9)-(12), (13) can

be rewritten as

P * (o} —Puv v :||: hl :|
h h2 *Dgn 1n,V2n n , (14)
Tn = d tR [ tn " ] _pl/“,,,u2n 0-12/171, h2n
with det R,,, = 012/17,, 012/27,, - |pV17L7V27L >
Ugln = |h$zSR)|2|h%RD)|2|a(R)|2972LUZ<S)

+ |h,(RD)|2|a(R)|2930,27 + WP 202 ) + 02, (15)
02 . = |h 20§(S> + 07275 and Py, vs, =
h(SD) h(SR)h(RD) a(R)ofl(s), where adQ(R) is the variance

(R)

of dy, .

Let us define the
wireless links:

following instantaneous SNRs of the

(SD) _ |h(SD)Oé(S)|2P /0_2 (16)
7,353) SRR (17)
oA WP QB2 P, fo?, (18)
and the SNRs associated with the PAs:
(PAs) 2P P, o5, (19)
N PAR) = o B2 P, /o2 . (20)

Note that (F4s) (resp. v(PAr)) corresponds to the SNR of
the source’s (resp. relay’s) PA by considering only the effects
of the NLD inserted by the PA and regarding the NLD as an
AWGN component, as the NLD is a white complex Gaussian
process uncorrelated with s,. We assume that (F4s) and
~(PAR) are fixed, as the variations of the PA parameters are
generally much slower than the wireless channel variations.
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By using (17)-(20) and the definitions o , o2, ~ and
Puin.van» after some algebraic manipulations, (14) can be

written as

UM / ,YDEN 1)
with 'yN UM and 'yDEN given by (22) and (23), shown at the
top of the next page.

It is worth mentioning some particular cases of the exact
instantaneous SNR given by (21):

e When both PAs are linear, i.e. y(F45) (PAR) — o0 (21)
equals the SNR of a linear two-hop AF system with MRC [1],
and when the source’s PA is linear, i.e. 'y(PAS) — o0, (21)
equals the SNR presented in [6], [7].

e When the SD link is not available, 1e 7(LSD) = 0,
yn is given by: yn = %(LRD) (SR) (PAS) ,Y(PAR)/,YDEN
Moreover, in this case, when the SNRs have medium or high
values (SNRs higher than 10dB), it can easily be shown that

~ 1 1 1 1 —1
Tn = (,Y(SR) + e + SPAS) + ,Y(PAR)) , Or
n

(SR), (PAR),V(PAs),%(LRD))7

(24)

Yn = min(7y,,

which shows that SRD link can be viewed as a four-hop
linear AF cooperative link, with individual SNRs given by

(LSR) y(PAR) ~(PAs) and 'y(RD [10]. It is worth mentioning
that (24) holds true when one of the SNRs is much smaller
than the others. In several previous works, e.g. [10], expres-
sions similar to (24) have been used as approximations for v,
in multihop relaying systems with good accuracy.

e When the relay is not available, i.e. fyr(lSR) =0or fy(RD)
0, (21) becomes: ~y,, = [1/7,531)) +1/y®A)]L or
Y 2 min( ), 4 PAS)), (25)

which shows that SD link can be viewed as a two-hop linear
AF cooperative link, with individual SNRs given by fy,(SD)
and ~(P4s) [6], [7], [10]. Similarly, (25) holds true when one
of the SNRs is much smaller than the other one. In several
previous works, expressions similar to (25) have been used
as approximations for -, in two-hop AF cooperative relaying

systems with good accuracy [6], [7], [10].

IV. OUTAGE PROBABILITY WITH MRC

In this section, a closed form expression for an approx-
imation of the outage probability is derived, for the MRC
method and Rayleigh fading. In the sequel, fx(-) and Fx ()
denote respectively the probability density function (PDF) and
cumulative distribution function (CDF) of the random variable
X.

As the received signals x;, and x% D) have corre-
lated noises, the covariance matrix R, of the noise vector
v, is not diagonal. However, for mild PA nonlinearity, the
vector v, exhibits generally a low correlation coefficient.
Indeed, in our simulations with Rayleigh fading and soft-
clipping PAs, the correlation coefficient associated with v,
has values typically below 0.25. That allows us to make

(SRD) (SD)
the following approximation: v, = 7 + 7 , where
fy,(LSRD) is the SNR when the SD link is not avallable and
'yr(lSD) is the SNR when the relay node is not available.

(SRD)

Using (24) and (25), we may then write 7, = > o mind)
%(lman) Wlth (mznl) mm(’y(s ) py(PAs)) and Py(mzn2)
min (5 V(PAR)W‘PAS’%RD))~

The approximated outage probability is then given by
P(out,mra) (')/th) _ P( (minl) + ,yémin2) < ')/th)

n

= / f’y7(Lmin1) (x)F,yngq,m) (’yth — x)daz, (26)

—00

where 7z, is a SNR threshold, with the CDF of ~\™"?

expressed as

E mina) (Yen) = 1= [1 = F sr (yn)][1 = Fypan) (Yen)]
X [1 - F’%(LRD) (’yth)] [1 — F,Y(PAS) ('yth)]. (27)

Although ~(P4s) and ~(FPAR) are fixed, we can associate
CDFs to these SNRs, in the following way: FvaS) (ven) =
w(yen =7 F4%)) and F e ap (yin) = u(yen —57AR)), where
u(+) is the unit step function, y(F'4s) = 7(PAs) and 4 (FAr) —
5(PAr) Moreover, as Rayleigh fading is considered at the SR
and RD links, F,Y(mmz) (7¢r) can be written as

1
W(RD)

xu(yun)u (7 + min(7P49), 5PA0)) | (28)
where W(SR) and W(RD) are the mean values of fy(SR) e
fyr(lRD), respectively. Equation (28) corresponds to the outage
probability when only the SRD is available. Similarly, we have

1
F_min2) (en) = u(en) — exp {%h <7<SR‘> +

Yth )
W(SD)

F%(mel) (ven) = ulyen) — exp(—

xu(yn)u(FEAS) — ), (29)

—(SD) (SD)'

where 7 is mean of
Fwnml) (ven), we get

By differentiating

1 Vth
f%(;nml)('yth) = m exp (—%) w(—yen + 'y(PAS))

+ exp (—

F - (mint) (7¢n) corresponds to the outage probability when only
the SD is available.

Substituting (28) and (30) into (26), and making some
algebraic manipulations, we get (31), shown at the top of the
page, where ¥ = max(y;, — min(7F4s) 5(PAr)) 0) and

1

M _ 1 1 1 - 1
7= (*msm +sewm Tt 7<RD>) » assuming ——rpy +

=@ + 5wy # 0-

In order to have a better understanding of (31), Table 1
shows the expressions of P\*“""™")(y,,) in four different
cases, depending on the value of ~;,, with 'y(P Amin) =
min(F74s), 7(PAR)) It can be demonstrated that the Line
1 of Table 1 corresponds to an order of diversity equal to
2, while Lines 2 and 3 correspond to an order of diversity
equal to 1, and Line 4 represents an order of diversity equal
to zero. The demonstrations are omitted due to lack of space.

Y
_(%Z)) 5(—yen + 7 F49)). (30)
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2 2
NUM — (RD) (SR (PAS)Z (PAR) 4 ((RD) (D), (PAS)Z, (PAR)

Y
TP BP) (P As) [wﬁSR)V(PAS) FASR 4 “/(PAS)] + 7Py (PAS)(PAR) [wﬁSR)V(PAS) F AR 4 v“jAS)] (22)
DEN — (D), (SD) (PAR)(PAs) | o(RD)(SD) [%(LSR)W(PAS) + A W(PAS)] + %(LRD)%(LPAS)QW(PAR)
S (PAR) [SR(PAS) 1 4(SF) 4 5(PAS)] 1 4{RD)(PAs) [4(SF)(PAS) | 5T 4 (PAs)]
44(PAR),(PAS) [,YT(LSR),Y(PAS) + 45 »Y(PAS)] 1 A5 (RD) (PAR) o (PAs) (23)
(out,mrc) _ Yth PA Vth Tth
Pn ('yth)*l_exp (_W(SD)>U(’Y( s) _’Yth)_exp (_W(SR) _7<RD)>

Yth Yth
1 T T
x [/ ~ED) P (W) u(—z +~PAS))dz + / exp (W) 5(—x + V(PAS))d:v}
o 2

(3D

Besides, the expression for Pr(lom’mrc)('yth) in Line 1 is the
same as in the case where both amplifiers are linear and Line
2 corresponds to the case where only the relay PA is nonlinear

(6], [7].

V. OUTAGE PROBABILITY WITH SC

In this section, a closed form expression for an approxima-

tion of the outage probability is derived considering the SC
. . . (SRD) _(SD)

receiver. In this case, we have: v, = max(y, )

Assuming that x%SRD) and ms{gD) are weakly correlated, it fol-
lows that: P (y,1,) (qn) = F sroy (yn) F sp) (7en)

and, hence
Py(LOUt’SC) (’Yth) = F’Yff"i"l) (’yth) F’Y’E"’rnin2) (’yth) ,

with F_(min1) (ven) and F_(minz) () given in Section IV.
That leads to the expressions in Table 2, which shows the an-
alytical expressions of Pff”t’sc) (i) in three different cases,
depending on the value of v, for the SC receiver.

In this case, it can be shown that Line 1 corresponds
to an order of diversity equal to 2, Line 2 to an order of
diversity of 1 and Line 3 to an order of diversity equal to
zero. The demonstrations are omitted due to lack of space.
The expression for Pff”t’sc) (7vtn) in Line 1 is the same as in
the case where both amplifiers are linear [7].

(€19

VI. DISCUSSION

The results derived in Sections IV and V show that, for both
the MRC and SC receivers, the nonlinearities of the PAs do
not affect the outage probability and the diversity order for
'y(P Amin) > Yth, 1.6. when the SNR threshold ~4;, is small
and/or when 7(74s) and 5(F4r) are high. This behavior can
be explained by regarding the SRD link as a series-cascade of
four linear channels, two of them being the fixed PA models.
As the SNR 7™ of the global SRD link is limited by
the worst of the four links, when 7, is smaller than 5(F4s)
or 7P4r)the SRD link will never be in outage due to the
presence of the PAs, that is, 7(745) and 5(¥'4%) will have no
impact on the outage probability. A similar reasoning can be
derived for the SD link, which means that both the SRD and
SD links act as linear links in this situation. This explains why
P (y,) in Line 1 of Tables I and II are the same as

in the case where both amplifiers are linear. It is important to
mention that a value of 7(P As) (or 7(P AR)Y occurs when the
PA has a high saturation power and/or when the transmission
power is small.

On the other hand, when -y, is too high (v > 'y(PAS) +
(P Amin)y, 'yr({mi"l) and %(meQ) are limited by the SNRs of
the PAs, regardless of the quality of the wireless channels.
This means that both the SRD and SD paths are always in
outage. This explains why P{°*“™)(v,,) = 1 in Line 4 of
Table I and in Line 3 of Table II.

When 7(PA4s) >~ > 5(PAR) the diversity gain provided
by the relay is lost due to the NLD inserted by the PA of
the relay, but the SD link won’t be affected by the PA. In this
case, the SRD link is always in outage, but the SD link acts as
a linear link. This explains why Line 2 of Table I corresponds
to the case where only the relay’s PA is nonlinear and the
source’s PA is linear.

Note also that, with the SC receiver, the system is always in
outage when ;;, > v(F45), regardless of the value of 7745,
which does not happen with the MRC receiver (Line 3 of Table
I). This is due to the fact that the SNR of the MRC receiver
is the sum of the SNRs of the SRD and SD links. Thus, even
if both links are in outage, it is possible that their sum is not
in outage, which is not the case for the SC receiver.

These results show that the PA of the source has a higher
impact on the outage probability than the PA of the relay.
Indeed, when 7, > 27745) | the system is always in outage,
for both the MRC and SC receivers.

VII. SIMULATION RESULTS

In this section, the theoretical expressions derived in this
paper are evaluated by means of computer simulations, with
N = 256 subcarriers, 16-QAM signals, 10° Monte Carlo runs
and PAs modeled by the soft-clipping (soft limiter) model.
Closed-form expressions for o), o), o2 and o2, are
given in [3]. It is also assumed that ¥(5P) = 5(5F) = 5(ED) —
~ and that perfect channel state information is known at the
receivers. Moreover, we used P, = 0.31 and P,. = 1, which
leads to 7F'4s) = 23.5dB and 7F4%) = 12.0dB.

Figs. 1 and 2 show the outage probability versus the mean
SNR # for the MRC and SC receivers, respectively, with
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TABLE I: Outage Probability with MRC

Range of ~;),

Expression for P,(Lout’mrc)(%h)

) — —th =M *’Yth<+++) Xk
A FPAmin) 5 1—e 76D _ W?sm e ~(SR) " 5(RD) e M _ 1
_=(PAR)

_ _Tth _ _ 1 1 Yth Yth =7

W(PAS) > Yin > W(PAR) 1—e 5(SD) _ %6 ’Y“L(W(SR) +7(RD)> e;tl\l _e £ =
Y

_ 1 1 iy .Y(PAS) ~. }L,,Y(PAmin) ,Y(PAS)

A PAS) 4 A (PAmin) 5~y s ~(PAS) | ] ¢ %'L<7(SR> +7(RD)> TJ\]ID) <e M —e B +e M
Rl

Yo > A PAS) P A I

TABLE II: Outage Probability with SC

113

Range of ~;, Expression for plout:se) (Ven)

AP > [~ exp (=52t )] [1 = exp |-vun (7w + 57ty )|
FEAS) >y > 7 TAR 1 — exp (=t

Yeh > ,V(PAS) 1

various values of v;;,. The following outage probability curves
are shown: simulated with nonlinear PAs, simulated with linear
PAs and theoretical with nonlinear PAs. From these figures,
it can be noticed that the proposed expressions are close to
the simulated curves for all the tested cases. Moreover, from
the slopes of the curves, it can be inferred that the diversity
orders predicted in Sections IV and V are correct.

By comparing the curves obtained with linear PAs with the
ones obtained with nonlinear PAs, it can be deduced that the
outage probability is significantly affected by the nonlinearities
only if v(FAmin) = 12.0dB < ~,, which means that the
nonlinear PA considerably increases the outage probability and
decreases the system diversity only for high SNR thresholds
Y¢h. As mentioned earlier, this is due to the fact that, as
the global SRD link is limited by the worst of four SNRs,
when 7y, is too high, the SRD link performance is limited by
A(PAmin) which means that the SRD path is unable to provide
diversity. A similar reasoning can be derived for the SD link.

In addition, by comparing Figs. 1 and 2, it can be viewed
that the outage probabilities provided by the MRC are slightly
smaller than the ones obtained with the SC receiver, for the
most part of the tested cases. The exception to this behavior
occurs for 7y, = 25dB and v, = 30dB, which leads to an
outage probability equal to one in both cases.

Fig. 3 shows the theoretical outage probability versus vy,
for a fixed SNR of 25dB, obtained with the MRC and SC
receivers. It can be confirmed from this figure that, when
4 (PAmin) > ~,, the nonlinear PAs have a small impact on the
outage probability. For F(F4%) <~ the PA nonlinearities
have a higher impact on the system performance. Moreover,
as expected, when 7(F45) < ~,,  we have P,(f“t’m”) ()
ploutse) (7tn) = 1. This figure also confirms that the outage
probabilities of the MRC are slightly smaller than the ones of
the SC receiver, for the most part of the tested cases.

VIII. CONCLUSION

It can be concluded that the proposed expressions are very
close to the simulated curves and that the outage probability
is significantly increased only for v(PAmin) <~ In fact,
the diversity order of the system depends on the values of

X RN ¥ v, =30dB
AT CRE S 4 ‘ee‘i" 1\_25&
Ry AR N N 4 th
-1 N SN S ~
10 ¢ \y N 0\ 3 e\\ 3
s N ¥, =20dB
N A V SN 0. &
_2 < '~
R R RN
5 Sue S N S
8 N\ AR N A
[ 3 g \ v N
T 107 3 SN WS,
s y, =10d o' N ¥
= \ \ N
E th \\ V\ V\ \\ 1
= — A Y
S 107 Y =5d \@ \\ \‘ \K 4
\ g
AT 4 \ \\
V=008 —x N AR
5
10°H = w = Linear PAs - Simul. Qv i
—— NL PAs - Theor. N
= © = NL PAs — Simul. \\ \'
0 10 40

20 30
Mean SNR (dB)
Fig. 1: Outage probability versus the mean SNR for the MRC
receiver.

Outage Probability
>

10 "¢| = NL PAs - Theor.
= © = NL PAs - Simul.
= V¥ = Linear PAs — Simul. E
1076 I n A
0 10 20 30 40
Mean SNR (dB)

Fig. 2: Outage probability versus the mean SNR for the SC
receiver.

’y(PAS), ’y(PAR) and ~;,. Moreover, it can also be deduced
that the MRC and SC techniques provide roughly the same
outage probabilities, except when ~(FAs) fr(PAmin) >~ >
fy(P As) In future works, this analysis will be extended to more
general fading and system models, and a SER analysis will be
developed.
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Fig. 3: Outage probability versus <y, for the MRC and SC
receivers.
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